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Abstract—The kinetic theory of diffusion over vacancies is used to obtain expressions for the fluxes of atoms in
a three-component alloy. This hole gas approach allows us to express kinetic coefficients in terms of the coeffi-
cients of diffusion of labeled atoms from microscopic considerations. The conditions for the formation of non-
equilibrium impurity shells are revealed by studying the kinetics of decomposition using these expressions.
These shells can considerably inhibit the growth of precipitates and change the properties of the alloy.
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INTRODUCTION
The properties of alloys are largely determined by

their phase and structural state, which forms at ele-
vated temperatures and remains metastable (kineti-
cally) as a result of subsequent cooling. Alloys based
on aluminum [1], titanium [2], and martensitic aging
steels [3] containing nanosized precipitates are of par-
ticular interest. Interest in αFeCu alloy has grown in
recent years [4–6], in which bcc-Cu precipitates
coherent with its matrix appear at the initial stages of
decomposition. These precipitates strengthen the
alloy. When they reach sizes around 10 nm, their lat-
tice is rearranged into fcc and the alloy becomes frag-
ile. It is therefore of interest to find mechanisms for
stabilizing the state reached at the intermediate stages
of decomposition. It is known that an effective way of
controlling the kinetics of decomposition is to use
alloying additives [6–12] that affect the thermody-
namic stability of the alloy or produce secondary pre-
cipitates.

The thermodynamics and kinetics of decomposi-
tion in a binary alloy have been thoroughly studied
[13]. Depending on the position of the figurative point
on the phase diagram, an alloy can decompose
according to the nucleation and subsequent growth of
precipitates [14], or the growth of long-wavelength
fluctuations in the composition (so-called spinodal
decomposition [15, 16]). In both cases, the evolution
of the alloy at advanced stages is described by the Lif-
shitz–Slezov equations in [17].

Studies of the kinetics of decomposition in a three-
component alloy began relatively recently. A general
analysis of the problem was performed in [18], and
typical morphologies of the precipitates for an abstract

model were identified. It was shown in subsequent
works [19–21] that the morphology of precipitates
upon decomposition depends strongly on the ratio of
the components’ mobilities of diffusion. The growth
of precipitates can be inhibited as a result of the forma-
tion of shells (or precipitates of secondary phases)
around primary precipitates under the influence of
kinetic or thermodynamic factors. Possible scenarios
for the formation of such shells were analyzed in [22].

Despite the progress made in our qualitative
understanding of such processes, formulating a rela-
tively simple but consistent kinetic model of decom-
position in a three-component alloy is still an urgent
task. In [22], the atomic f luxes were determined using
a phenomenological approach based on a generalized
Fick’s law: , where  is the con-
centration of atoms of the ith type, F is the Ginzburg–
Landau free energy functional, and Mij are elements of
the mobility matrix. Cross elements Mij,  were
taken equal to zero, since they were considered to
make a small contribution to the kinetics [13]. Diago-
nal elements Mii were associated with the coefficients
of diffusion of labeled atoms  by the Einstein relation

, which applies to an ideal solid solution
when cross elements Mij can be ignored. The coeffi-
cients of diffusion of labeled atoms in turn were taken
equal to their own (partial) coefficients of diffusion
[23]. As discussed in [24], this approach is of limited
applicability even in a binary alloy if there is no f low of
matter (the Kirkendall effect [25]), and we must cor-
rectly describe the diffusion of atoms in the volume of
growing precipitates. A more consistent approach is to
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derive expressions for atomic f luxes  using the
microscopic theory of diffusion.

Expressions for the fluxes of atoms in a binary alloy
were obtained in [26–28] using the kinetic theory of
diffusion over vacancies (the hole gas approach [29]).
The absence of a flux of matter (local equilibrium in the
vacancy subsystem) was ensured by requiring 
for the flow of vacancies, after which the expression for
the mutual coefficient of diffusion took the simple form

, and  for
an ideal solid solution. An essentially similar expres-
sion was obtained in [30]. We may therefore assume
that during the decomposition of a binary alloy,
regions form in which the coefficient of mutual diffu-
sion varies from values close to 
(the coefficient of diffusion of impurity A in matrix B)
to others close to  (the coeffi-
cient of diffusion of impurity B in matrix A). In [31],
the microscopic approach was also generalized to an
ordering binary alloy with two equivalent sublattices.

In this work, the approach proposed in [26–28, 31]
is generalized to a disordered three-component alloy.
Expressions for the f lows of atoms are derived, and
conditions for the formation of nonequilibrium impu-
rity shells around precipitates that form during
decomposition of the alloy are studied.

FORMULATING THE MODEL

Let us identify the concentrations of  atoms
of the sort  = 1, 2, 3 and vacancies at lattice site r with
the probabilities of their detection at this site, from

which  follows in particular. We assume
that diffusion proceeds according to a vacancy mecha-
nism, an atom can jump only to the position of one of
its nearest neighbors, and pair correlations in the distri-
bution of atoms can be ignored. The equations for the
evolution of concentrations then have the form

(1)

Equation (1) essentially expresses the balance of mat-
ter: the change (per unit of time) in the probability of
finding an atom of type i at site r is the sum of the
probabilities of atoms of this type jumping from all
nodes of the immediate environment to this site,
minus those of the reverse jumps. The transitional fre-
quencies are determined according the formulas

(2)

where  is the energy of bonding with the environ-
ment of an atom of type i located at a site with radius
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vector r, and  is the energy of an atom at the saddle
point (for simplicity, we assume  = const).

Assuming that concentrations  change
slowly at distances on the order of a, we expand (1)
into a series in  and write the equations of evolution,
confining ourselves to the first nonvanishing terms:

(3)

(4)

Here we use condition  that arises due to the
symmetry of the lattice nodes with respect to the one
selected, so the equations of diffusion are defined by
expansion terms that were quadratic in a.

Let us determine the energy of an atom in the
ground state by summing energies  of pairwise
interaction over nodes k of the entire lattice:

(5)

Expanding (5) into a series according to , we obtain

(6)

Small parameter R in expression (6) characterizes the
effective radius of interatomic interaction. For simplic-
ity, we consider it to be independent of the type of
atoms. Terms of order  are needed to describe the
evolution of concentrations in the region of interphase
boundaries. Strictly speaking, long-range nature R  a
of interactions is assumed. Otherwise, we would have to
expand (4) to the corresponding order in parameter a.

Since the f lows of atoms and vacancies are con-
nected by the condition

(7)

we add the f luxes of atoms and express  in (4)
through . Assuming that the alloy is enclosed in a
vessel with fixed walls and there are no sources or sinks
of nonequilibrium vacancies, we make the limit tran-
sition . This means transformations occur
under conditions of local equilibrium in the vacancy
subsystem, so JV  Ji. We also assume that the con-
centration of vacancies is low, cV  ci . We then obtain
expressions for the f lows of atoms:

(8)
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(9)

(10)

where . When ,

, and  in a binary alloy, formula (9)
is reduced to the expression obtained in [26–28],
which is qualitatively similar to the expression for the
atomic f lux in the phenomenological Cahn–Hilliard
model of spinodal decomposition [15]:

(11)

Based on the definition of the coefficient of diffu-
sion of labeled atoms (the coefficient of impurity dif-
fusion) through Fick’s law  in the limit of
low concentrations , we obtain from (11)

(12)
The coefficients of diffusion of labeled atoms gen-

erally depend on the concentrations of components in
the alloy. In accordance with formulas (2) and (5), this
dependence obeys the Arrhenius law

(13)

Since the coefficient of impurity diffusion in pure sub-
stances is  and the self-coefficient of

diffusions  are known from experi-
ments, we rewrite (13) in the equivalent form

(14)
We finally rewrite the expressions for the f lows of
atoms (8) and (9) using  instead of :

(15)

3

1 1 1 2 2 3 3
1 2,3

2
1 1 1

2
1 1 12 13 23 2 2 3 3

2
3 3 2 2

[ ( )

( )]

( )[ ( )

( )]/2,

i i V j j
i j

j V j j j j

V

c c c c c c

c c c c R c

c c c c R c

c c R c

J
= =

 
ω = ω ω + ω + ω ∇ 

 

− ω ω Ψ ∇ + ∇Δ
− ω Ψ + Ψ − Ψ ω ∇ + ∇Δ

+ ω ∇ + ∇Δ

 

3

2 2 2 1 1 3 3
1 1,3

2
2 2 2

2
2 2 21 23 13 1 1 3 3

2
3 3 1 1

[ ( )

( )]

( )[ ( )

( )]/2,

i i V j j
i j

j V j j j j

V

c c c c c c

c c c c R c

c c c c R c

c c R c

J
= =

 
ω = ω ω + ω + ω ∇ 

 

− ω ω Ψ ∇ + ∇Δ
− ω Ψ + Ψ − Ψ ω ∇ + ∇Δ

+ ω ∇ + ∇Δ

 

Ψ = Φ − Φ − Φ(2 )/ij ij ii jj kT =3 0c

+ =1 2 1c c = −1 2J J

1 2
1 12 1 2 1

1 1 2 2
2

12 1 2 1

[(1 )

].

Vc c c c
c c

c c R c

J ω ω= − − Ψ ∇
ω + ω

− Ψ ∇Δ

= − ∇i i iD cJ
→ 0ic

= ω → →0 ( 0) ( 0).i i i V iD c c c

=

 
= Φ 

 


3
0
0

1
exp /( ) .i i ij j

j

D D c kT

→ ≡ 0( 1)i j ijD c D

→ ≡ 0( 1)i i iiD c D

= 1 2 30 0 0
1 2 3( ) ( ) ( ) .c c c

i i i iD D D D

iD ωi

3

1 1 1 2 2 3 3
1 2,3

2
1 1 1

2
1 1 12 13 23 2 2 3 3

2
3 3 2 2

[ ( )

( )]

( )[ ( )

( )]/2,

i i j j
i j

j j j j j

D c D D c D c D c c

D D c c c R c

D c D c c R c

D c c R c

J
= =

 
= + + ∇ 

 

− Ψ ∇ + ∇Δ
− Ψ + Ψ − Ψ ∇ + ∇Δ

+ ∇ + ∇Δ

 
RUSSIAN JOURNAL O
(16)

The solution to the system of Eqs. (3), (15), and (16),
which describes the evolution of the concentrations of
an alloy’s components under known initial and bound-
ary conditions, can be obtained numerically. The coef-
ficient of diffusion of labeled atoms can be calculated
for a particular alloy from experimental data using for-
mula (14), and energies of interaction  can be calcu-
lated using data from first-principle calculations.

We can use the integral degree of decomposition
with respect to component i to analyze the kinetics of
transformation:

(17)

where d is the dimension of the problem, L is the size
of the sample,  is the average concentration of the
component i over the sample, and .

KINETICS OF ALLOY DECOMPOSITION 
AND THE FORMATION OF SHELLS 

AROUND PRECIPITATES

We shall limit ourselves to analyzing solutions to sys-
tems (3), (15), (16) on a 1D region using an explicit two-
layer finite-difference scheme, with dimensionless time

 and coordinate x/L. The initial state was
chosen to be homogeneous with average concentrations

 and a small perturbation in the center of the compu-
tational domain using mirror-symmetric boundary
conditions (i.e., the absence of component flows
through the boundaries of the computational domain).

The results in [22] show that the kinetics of decom-
position in a three-component alloy allows a wide
variety of scenarios, depending on the ratios of param-
eters of interatomic interaction  and coefficient of

diffusion . Let us consider typical scenarios in
which  and  < , so precipitation based on
component 1 forms in the matrix based on component 2.
The values of the coefficient of diffusion in the calcu-
lations below made dimensionless by dividing by .

When , , component 3 is displaced
from the volume of precipitate into the matrix as the
precipitate grows. If the coefficient of diffusion of
components  and  in a matrix are comparable,
component 3 has time to be almost uniformly distrib-
uted in the matrix as precipitation grows (Fig. 1a). If
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Fig. 1. Kinetics of precipitate growth in an alloy with parameters , , , , and L = 500R.

(a) Distributions of concentrations (1, 2)  and (1', 2 ')  at times  (1, 1') 0.01 and (2, 2 ') 0.4 when ; (b) distri-

butions of concentrations (1, 2)  and (1', 2 ')  at times  (1, 1') 0.17 and (2, 2 ') 2 when ; for all others,

; (c) evolution of decomposition with respect to component 1 for (a) and (b), respectively. 
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  , component 3 remains near its surface in the
form of a nonequilibrium shell that takes a long time to
dissolve up to the point where the precipitation finishes
growing (Fig. 1b). A comparison of the evolution of
decomposition in these two cases (Fig. 1c) shows that
the slow diffusion of component 3 that forms the shell
slows the growth of the precipitate, since the growth of
the precipitate implies the movement of the shell.

In contrast, component 3 is displaced from the
matrix into the volume of the precipitate as it grows
when  and . If coefficients of diffusion

 and  are comparable, component 3 is almost
uniformly distributed in the precipitate volume at all
stages (Fig. 2a). If   , the central part of the
precipitate is largely depleted in component 3 by the
time it finishes growing, while a layer enriched in this
component forms in the near-boundary area (Fig. 2b).
A comparison of the evolution of decomposition in
these cases shows that an additional condition is
needed to slow the growth of the precipitate:  

, meaning that the penetration of type 1 atoms of
through the shell is hindered (Fig. 2c).

Note that in the example presented here, the growth
of the precipitate is slowed under the conditions of
maintaining the supersaturated state in the matrix. With
an ensemble of precipitates, we can also consider the
slowing of the kinetics of decomposition at a later stage,
when large precipitates grow at the expense of small ones
under conditions of a local equilibrium in the matrix at
constant degree of decomposition Sdec (the so-called
evaporation–condensation stage) [17].
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The data presented in Figs. 1 and 2 show that non-
equilibrium shells form around precipitates when, as a
result of the action of a thermodynamic stimulus to
decomposition, impurity atoms are displaced into the
phase in which their diffusion mobility is reduced. The
drop in the coefficient of diffusion of the atoms that
form the precipitate in the region of such a shell then
helps inhibit the growth of precipitates.

RESULTS AND DISCUSSION
Expressions for atomic f lows (15) and (16) have a

more complex form than ones written in the phenom-
enological approach [22], since they offer a derivation
of the kinetic coefficients in front of concentration
gradients  that is derived from microscopic theory.
The phenomenological approach can be used in most
cases involving only the formation of precipitates of
one or several phases (i.e., the effects caused by the
thermodynamic properties of the alloy). However,
when analyzing effects associated with the ratio of
kinetic coefficients, including the formation of non-
equilibrium shells, it is better to rely on expressions
derived for f lows (15) and (16) using the microscopic
theory.

A nonequilibrium shell hindering decomposition
that was qualitatively similar to the one described
above (Fig. 2b) was clearly observed in a three-com-
ponent Al–Sc–Zr alloy with 0.09 at % Sc and
0.03 at % Zr using a 3D atom probe, high resolution
electron microscopy (HREM), and small angle X-ray
scattering (SAXS) [19]. It was shown that at T = 400–
550°C, precipitates of a new phase with characteristic
sizes of ~20 nm form at some stage of the kinetics. Zir-
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Fig. 2. Kinetics of precipitate growth in an alloy with parameters , , , , and L = 500R.

(a) Distributions of concentrations (1, 2)  and (1', 2 ')  at times  (1, 1') 0.03 and (2, 2 ') 0.5 when ; (b) distri-

butions of concentrations (1, 2)  and (1', 2')  at times  (1, 1') 0.01 and (2, 2 ') 2.5 when ; for all others,

, , and ; (c) evolution of decomposition with respect to component 1 for (a) and (b), respectively,

and (1, 2) when  and ; for all others,  (2 '). 
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conium is missing from the bulk of the precipitates, while
its concentration near their surfaces is as high as 15 at %.
In contrast, there is no scandium near the surfaces of pre-
cipitates, while its concentration in the bulk of precipi-
tates is as high as 25 at %. It should be emphasized that a
dispersed state with a high density of fine precipitates was
achieved in the three-component alloy, testifying to the
mutual influence of Sc and Zr impurities.

The authors of [19] proposed an explanation of this
effect using results from kinetic Monte Carlo (KMC)
modeling of an alloy’s decomposition with energy
parameters based on first-principle calculations. The
alloy has a thermodynamic tendency to decompose
with the formation of precipitates of a partially ordered
Al3ZrxSc  phase in which 0 < x < 1. The ratio of coef-

ficients of diffusion  is established in the
initial homogeneous alloy (~103 at T = 450°C), so pre-
cipitates supersaturated with scandium form at the
first stage. Zr atoms are redistributed at the next stage
and migrate to the precipitates. For kinetic reasons,
they cannot penetrate deeply into their bulk during an
experiment, since the energy of activation for diffusion
is high in the bulk of the ordered phase. The coeffi-
cient of diffusion of zirconium in the volume of the
precipitate is therefore much lower than in the matrix:

. Based on ab initio calculations of the
energy of activation, there is virtually no diffusion in
the bulk of the precipitates of the ordered phase, so
local thermodynamic equilibrium is not reached
during an experiment [19]. The coefficient of diffusion
of scandium through the shell is thus much lower than

1–x

Sc Zr
M MD D�

Zr Zr
P MD D�
RUSSIAN JOURNAL O
the corresponding one in the matrix: . The
exchange of Zr atoms between the precipitates is
therefore blocked, and a kinetically metastable dis-
persed state of the alloy is obtained. The authors of
[19] also showed that nonequilibrium shells do not
form around the precipitates if the coefficients of dif-
fusion of impurities in the matrix and volume of pre-
cipitates are assumed to be identical when modeling
decomposition according to KMC.

The estimate obtained on the basis of the calcula-
tions in our model (Figs. 1 and 2), indicating that a
difference of 2–4 orders of magnitude between coeffi-
cients of diffusion  is needed to observe nonequilib-
rium shells around precipitates, is thus plausible for
some systems. At the same time, our model does not
allow us to correctly describe decomposition in Al–
Sc–Zr alloy, since it does not consider the energy
parameters responsible for ordering.

Let us now consider a disordered Cu–Ag–Ni alloy,
in which we believe the considered effects can be
expected. We estimate the ratios of thermodynamic
and kinetic parameters corresponding to this alloy in
our model. It is well known that binary Cu–Ni alloy
forms a continuous series of solid solutions at T >
800 K and has wide regions of mutual solubility of the
components even at lower temperatures [32]. The Ag
and Ni components are virtually immiscible in the
solid state even at T = 1200 K [33], and the mutual sol-
ubility of the Ag and Cu components at T = 1000 K is
⁓5 at % [33]. This means that at T ~ 800 K, the follow-
ing ratio of energy parameters is observed for Cu–Ag–

Sc Sc
P MD D�

0
ijD
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Fig. 3. (a) Distribution of nickel according to time τ = 0.15 in (1) Cu80Ag10Ni10 alloy with realistic parameters and the same alloy,
assuming that (2) DAg(Ni,Cu)_in_Ni = DAg(Ni,Cu)_in_Cu and (3) DNi_in_Cu = DNi_in_Ag; (b) corresponding degrees of decomposi-
tion for silver as a function of time. Curve 4 corresponds to decomposition without nickel. 

0

0.05

0.10

0.15

0.20

0

1

2

3

0.2

(a)

c N
i

0.4 0.6
x/L

0.8 1.0
0

0.1

0.2

0.3

0

1

423

0.1

(b)

S d
ec

0.2
�

Ni alloy: ΨAgNi  1, ΨAgCu  1, ΨAgNi  ΨCuNi. Ignor-
ing the concentration dependence of these values,
CALPHAD data show that we have ΨAgNi = 16,
ΨAgCu = 8, ΨCuNi = 2.8 at T = 800 K [33].

Let us estimate the values of coefficient of diffusion
 (m2/s) based on the experimental data in [34] for

T = 800 K:

We assume that in the initially homogeneous alloy,
the concentration of copper is much higher than those
of silver and nickel. At the first stage, we would then
expect the formation of Ag precipitates due to deple-
tion of this component of the initial matrix. Since Ag
and Ni have almost zero mutual solubility, and the
coefficients of diffusion of Ni in silver and Ag in cop-
per are approximately the same, we would expect that
Ni atoms are quickly displaced from the bulk of the
precipitates into the matrix during the formation and
growth of precipitates. The mobility of Ni atoms in the
copper matrix is then two orders of magnitude lower
than in the bulk of the silver precipitates, as can be
seen from the reference values of the coefficient of dif-
fusion. We would therefore expect blurred nonequilib-
rium shells in which the concentration of Ni is much
higher than in the bulk of the matrix to form around
the precipitates at the initial stages of decomposition,

� � �

0
ijD

= × = ×–18 –17
Ni_in_Ag Cu_in_Ag9.6 10 5.6  10, ,D D

= × = ×–17 –19
Ag_in_Ag Ni_in_Cu,4.4 1 .5 ,0 1 10D D

= × = ×–18 –17
Cu_in_Cu Ag_in_Cu,2.4 1 .2 ,0 1 10D D

= × = ×–22 –21
Ni_in_Ni Cu_in_Ni,1.1 1 .3 ,0 1 10D D

= × –22
Ag_in_Ni 3.1 10 .D
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where they grow rapidly. The f low of Ni atoms from
the bulk of the precipitates into the matrix is reduced
in the late stages of decomposition, where the growth
rate of Ag precipitates also slows. The maximum con-
centration of Ni in the shell starts to fall, and the alloy
evolves to an equilibrium state in which Ni is uni-
formly distributed in the matrix. This situation corre-
sponds qualitatively to the decomposition scenario
presented in Fig. 1b. Note too that since the coeffi-
cient of diffusion of Ag in nickel is four orders of mag-
nitude lower than that of Ag in copper, we would
expect the nickel-enriched shells around Ag precipi-
tates to slow decomposition in the Ag–Cu subsystem
in its intermediate stages.

Figure 3 shows results from calculations for
Cu80Ag10Ni10 alloy using the above parameters. As in
Figs. 2a and 2b, the initial state of the alloy was
assumed to be uniform with a small perturbation (in
this case for silver) in the center of the computational
domain. Figure 3a shows the distribution of Ni at time
τ = 0.15 (curve 1); Fig. 3b shows the evolution of
decomposition with respect to Ag (curve 1). We can
see the distribution of Ni is largely nonuniform, so its
maximum concentration (reached near the precipita-
tion of silver) is approximately twice that of the aver-
age for the sample (i.e., a nonequilibrium shell
appears around silver precipitates). Based on size L =
500R of the computational region and width ~1 nm of
the interface, we can estimate the characteristic time
of ~800 s using the formula . Curves 2 and
3, plotted for an alloy with changed coefficient of dif-
fusions, are also shown for comparison. Curve 2 was
plotted by assuming the coefficients of diffusion of the
components in nickel do not differ from the corre-
sponding one in the copper matrix, DAg(Ni,Cu)_in_Ni =

τ = 0 2
11/tD L
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DAg(Ni,Cu)_in_Cu. We can see that nickel-enriched shells
still form around the silver precipitates, but degree of
decomposition Sdec ~ 0.2 with respect to silver is
reached approximately three times faster. Curve 3 was
constructed under the additional assumption that
nickel also diffuses in copper at the same rate as in sil-
ver: DNi_in_Cu = DNi_in_Ag. We can see that no nonequi-
librium shell is in this case observed, and the rate of
decomposition with respect to silver grows even more.
Finally, curve 4 in Fig. 3b was constructed with no
nickel in the alloy, and the evolution of decomposition
differed little from the last two examples (curves 2 and
3). We may therefore state that according to our esti-
mates, nickel-enriched nonequilibrium shells around
silver precipitates should slow the growth of silver pre-
cipitates in Cu80Ag10Ni10 alloy by around three times at
T = 800 K.

CONCLUSIONS
A microscopic approach was used to obtain expres-

sions for the flows of atoms in a three-component disor-
dered alloy that allowed us to study nonequilibrium states
during the decomposition of an alloy, including unsatu-
rated precipitates and the formation of shells around the
precipitates at intermediate stages of decomposition. It
was shown that a nonequilibrium shell can strongly slow
the growth of precipitation if the coefficients of diffusion
of an alloy’s components are lowered in it.
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