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Abstract—The previously proposed model of pearlite transformation develops taking into account the possi-
ble interaction between carbon and lattice dilatations arising in austenite near the pearlite colony. The normal
stresses caused by the colony stimulate autocatalysis of plates, and tangential stresses promote the stabiliza-
tion of the transformation front. The mechanism of ferrite branching, which can play an important role in the
kinetics of pearlite and bainite transformations, is discussed.
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INTRODUCTION
Pearlite transformation in carbon steel [1–3]

belongs to the class of eutectoid transformations in
which the initial metastable phase undergoes decom-
position below the eutectoid temperature Teutec in two
new phases according to the scenario of colony
growth. In the case of pearlite transformation into steel
at Teutec < 1000 K, metastable austenite (γ-Fe, fcc lat-
tice) decomposes into ferrite with low carbon solubil-
ity (α-Fe, bcc lattice) and cementite containing
25 at % of carbon (θ-phase, orthorhombic lattice); as
a result, a regular lamellar structure is usually formed.
Eutectoid transformations are also observed in alloys
of Zn–Al [4], Cu–Al [5], Au–In [6], etc.

Despite the similarity of pearlite with structures
arising in spinodal decomposition (SD) [7], classical
SD is impossible in γ-Fe, since the mixing energy of
carbon is positive in this phase [8]. Theoretical studies
were focused on the study of the steady growth of the
pearlite colony with a f lat front [9–14], which made it
possible, to establish the temperature dependence of
the interplate distance λ ≈ 1/(T – Teutec) being in
agreement with the experiment. The authors of [11]
first formulated a hypothesis, recently confirmed by
the phase-field simulation [15], that the steady growth
of a pearlite colony is provided by accelerating the car-
bon diffusion on its front. It was shown in [15] that, in
the absence of this acceleration, the ferrite plates rap-
idly grow into austenite, which is followed with the
destruction of the regular structure of a colony. At the
same time, Hillert’s opinion is cited in [16], according
to which it is difficult to expect a significant accelera-
tion of diffusion at the transformation front taking into
account the already rapid diffusion in the volume of
phases.

The origin of a pearlite colony was discussed qual-
itatively in [17], where it was noted that between the A3
and Acm lines of the phase diagram (Fig. 1) extrapo-
lated to the temperature range T < Teutec, austenite is
oversaturated with respect to both ferrite and cemen-
tite. Carbon is pushed out from ferrite, contributing to
the nucleation of cementite at the interface with fer-
rite. In turn, the growth of the nucleus of cementite
leads to the carbon depletion of the adjacent region
contributing to the nucleation of ferrite. The process
can be described in terms of thermo-fluctuational
nucleation, and the probability of the nucleation of
each phase depends on the local composition.

The paper [19] was first considered the autocata-
lytic scenario of the decomposition of metastable
phases, and the possibility of realizing such a mecha-
nism during pearlite transformation was discussed.
This mechanism differs both from the classical
spinodal decomposition and thermo-fluctuational
nucleation. Its specificity is that with a special phase
energy ratio (Fig. 2), the initial phase can be stable
with respect to small f luctuations in the composition,
but locally loses its stability when it interacts with the
transformation products, i.e., in those regions where a
change in concentration above the critical one is
achieved due to the drift of system to local equilib-
rium. As a result, one of the products of the transfor-
mation stimulates the rapid nucleation of the other,
and the decomposition develops according to the col-
ony growth scenario. The autocatalytic nucleation of
precipitates at the grain boundary in a model qualita-
tively simulating pearlite transformation was consid-
ered later [15]. A detailed discussion of the autocata-
lytic mechanism of the decomposition of metastable
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phases is given in the review devoted to the theory of
phase transformations in steel [20].

A model of pearlite transformation with the first-
principle parametrization was proposed in [18]. The
autocatalytic decomposition in this model due to the
facilitation of cementite nucleation at the interface of
ferrite (the line of stability loss T1 is shifted to the left,
Fig. 1), because of the formation of the metastable
intermediate structure (MIS) at the austenite/ferrite
interphase, according to the recent ab initio calcula-
tions [21]. In contrast to [15], the model [18] uses no
assumption of the f lat transformation front and the
acceleration of diffusion at the front, and autocatalysis
was allowed throughout the volume of the material. As
a result, decomposition morphologies were observed
qualitatively similar to pearlite ones (according to
experiments, the colony front need not to be plane [2,
22]). It was the absence of the f lat front that facilitated
the development of autocatalysis in these calculations
and the formation of a lamellar structure. At the same
time in the experiments, the lamellae are usually ori-
ented along the normal to the transformation front,
which does not completely agree with these calcula-
tions.

During the pearlite transformation, the coherence
of the lattice at the front of the colony is completely or
partially lost [23–25]. Therefore, in most theories it is
assumed that the elastic stresses in austenite do not
play an important role in the kinetics of the transfor-
mation. However, this view of the role of stresses is

simplistic. Even in the absence of cooperative atomic
displacement, lattice dilatations inevitably arise in the
system due to the diffusion of carbon and the differ-
ence in the volumes of phases. Concentration stresses
caused by a change in the local carbon concentration
near the front of the colony were taken into account
and led to a noticeable acceleration of the transforma-
tion [26]. In addition to the concentration stresses, the
stresses caused by the presence of ferrite and cementite
act near the colony, which cannot be reduced to the
local carbon concentration.

As can be seen from Fig. 3, because of differences
in the volumes of austenite, ferrite, and cementite,
normal and tangential stresses appear near the ends
and in the front of the colony, respectively. Therefore,
at the ends of the colony the austenite lattice stretches
near ferrite and contracts near cementite. On the con-
trary, in front of the colony the austenite lattice can
stretch near cementite and contract near ferrite. Since
the carbon atoms are the centers of dilatation, they dif-
fuse from the compression regions to the stretching
regions. Accounting for this circumstance results in
the formation of a regular structure and raises the tem-

Fig. 1. Diagram of transformations in the Fe–C system
constructed in the framework of the model [18] with the
refined parametrization (see Appendix). A3 and Acm are
the boundaries of the two-phase regions α + γ and γ + θ,
respectively; T0 and T1 are the curves of stability loss of
austenite relative to transformations γ → α and γ → θ.

Fig. 2. Free energy of the phases in the pearlite region of
the transformation diagram (schematic image). There are
no equilibrium conditions α/γ and γ/θ, while maintaining
the basic equilibrium α/θ, which leads to the autocatalytic
decomposition of the γ phase.

Fig. 3. Normal (σn) and tangential (στ) stresses in the
vicinity of the pearlite colony (schematic image).
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perature of the beginning of autocatalysis, herewith
the lamellae are oriented along the normal to the front
of the colony in agreement with the experiment.

FORMULATION OF MODEL
We write the Ginzburg–Landau free energy func-

tional in the form

(1)

where Fel.in is the energy of the deformation interaction
of carbon with the stresses created by the growing col-
ony; feff(c, T) = min{fα(c, T), fγ(c, T), fθ(c, T)} is the
effective free-energy density of the unstressed state,
which depends on the local carbon concentration and
temperature; fγ(α, θ)(c, T) are local densities of the free
energy of austenite (ferrite, cementite) calculated sim-
ilarly to the model [18, 20, 27]; kc is the parameter that
determines the width of the interface. The determina-
tion of feff(c, T) assumes a rapid reorganization of the
lattice, so that a phase with the lowest free energy is
always observed at a given point in space.

Let us describe the main provisions of the approach
used [18, 20, 27]. The energies of the α and γ phases in
the presence of carbon (or without it) were calculated
ab initio for the paramagnetic and ferromagnetic
states. The energies of these phases at intermediate
temperatures were obtained in agreement with the
Oguchi model for the temperature dependence of the
spin correlator [28]. The magnetic entropy is taken
into account using the Gelman–Feynman theorem
[29]. The carbon configuration entropy takes into
account that the carbon atoms in the α-phase are dis-
tributed over three sublattices of the octahedral inter-
stitial sites, and in the γ-phase can occupy only one-
fourth of the octahedral interstitial sites [30]. The tem-
perature dependence of the free energy of stoichio-
metric cementite is taken from CALPHAD [31] or ab
initio calculations [32]. The concentration depen-
dence of cementite energy is selected in an effective
form [18] ensuring the realization of the γ → θ transi-
tion (the condition of loss of stability) at concentra-
tions c = 0.12–0.15, i.e., far from the stoichiometric
composition of cementite. The physical basis for this
choice is the probable appearance of the metastable
intermediate structure (MIS) at the austenite/ferrite
interface facilitating the transition in accordance with
ab initio calculations [21], and also the preference for
the formation of cementite at the interface with ferrite
due to elastic stresses. The parametrization of the
model is slightly refined (compare with [18]) with the
use of experimental data [30] for the carbon dissolu-
tion energies (see Appendix).

When cooling, the short-range magnetic order in
the α-phase increases, which leads to a decrease in the
energy of this phase. In addition, the energy of cemen-
tite when cooled decreases faster than the austenite

⎛ ⎞= + ∇ +⎜ ⎟
⎝ ⎠∫

2
eff el.in( , ) ( ) ,

2
ckF f c T c d Fr

energy. The result is a transition from the γ/α and γ/θ
stable equilibria first to the metastable equilibria, and
then to their absence while maintaining the α/θ main
equilibrium. For qualitative conclusions in the present
study, it is only essential that function feff(c) is a three-
well potential below the critical temperature (T < Tp),
for which there is no metastable equilibria between
austenite and the decomposition products (Fig. 2), as
was found before [18].

The density of the elastic energy of the interaction
of carbon with stresses is determined by the formula:

(2)

where σij(r) are the elastic stresses produced by the

growing colony at the point r,  are deformations
created by a single carbon atom. If a carbon atom cre-
ates only dilatations

Eq. (2) takes the form of

The stresses are determined by the functional of the
lattice deformations in the vicinity of the point r

(3)

where L is the sample size, q[c(r')] is the function
reflecting the presence of the pearlite colony at the
point r' and determined by intrinsic transformation
strains eα and eθ

(4)
where χα(r') and χθ(r') are functions of the shape of
ferrite and cementite precipitates, which we define by
the Heaviside’s functions: χα(r') = h[c(T0) – c(r')] and
χθ(r') = h[c(r') – c(T1)].

The deformations eα and eθ will be considered as
scalars associated with the change in composition:

where κ ≡ ν(C) is the concentration coefficient of the
lattice volumetric expansion, c0 is the starting mean

carbon concentration, and  are the equilibrium

carbon concentrations in ferrite and cementite,  ≈ 0
and  = 0.25.

Function K(|r – r'|) is close in meaning to the
Green’s function known in the theory of elasticity [33],
and is taken in the form of K(r) = K0[1 + (r/d)4]–1

(hereinafter in calculations d/L = 0.05). The normal
stresses stretch the γ-phase lattice near ferrite and
compress it near cementite; therefore, in this case
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K0 > 0. On the contrary, the choice of K0 < 0 corre-
sponds to the tangential stresses. The simple model
under consideration does not allow us to take these
stresses together. However, given that normal stresses
prevail at the ends of the colony and tangential stresses
may play a role near the front of the colony, their effect
on the growth of the colony can be investigated inde-
pendently.

Stresses in the bulk of the colony are excluded from
consideration, since they have an insignificant effect
on the diffusion of carbon, which is small in the bulk

of the colony, since Dθ/Dγ ≪ 1 and  ≪ 1. However,
we will take into account that the stress sign changes to
the opposite when passing the colony interface; there-
fore, in determining the contribution to the free energy
functional Fel.in, we introduce function w(c), which is
converted to zero in α and θ phases:

where h(x) is the smoothed Heaviside function. Then
Fel.in assumes a form similar to the Kawasaki func-
tional, which was previously used to describe patterns
in various systems [34]:

(5)

α
ec

= − −0 1( ) [ ( )] [ ( ) ],w c h c c T h c T c

= −∫∫el.in ( ) [ ( )] (| '|) [ ( )] ' .F c w c K q c d dr r r r r r r

To describe the evolution of the system, we use the
standard diffusion equation [35]:

(6)

The diffusion coefficient D(c) is chosen depending on
the concentration [18] and takes the values of Dα(γ, θ) in
the volume of the corresponding phases.

SIMULATION RESULTS AND DISCUSSION
The simulation was carried out on a square grid of

800 × 800 with mirror-symmetric boundary condi-
tions [36] by the Runge–Kutta method. Time t is given
in dimensionless units L2/Dα, where L is the square
side size. Different levels of carbon concentration are
indicated by gradations of gray color (black color cor-
responds to ferrite, whereas white corresponds to
cementite).

Figures 4 and 5 show the calculation of transforma-
tion kinetics at T = 900 K and different normal stresses
σn, but in the absence of tangential stresses (στ = 0).
The initial state was assumed to be homogeneous with
a single ferrite nucleus in the corner of the square. If
the value of σn is higher than the critical value, a pearl-
ite colony more regular than that in [18] is formed and
grows (Fig. 4), with the lamellae oriented at a small
angle to its front. The temperature of 900 K is above
the temperature Tp of the beginning of autocatalysis in

( )∂ δ= −∇ = − − ∇
∂ δ

( ), (1 ) .D cc Fc c
t kT c

I I

Fig. 4. Kinetics of the pearlite transformation when normal stresses are taken into account; T = 900 K, c0 = 0.06, (d/L)2K0 =
1.9 eV/at.

Fig. 5. Branching of ferrite when normal stresses are taken into account; T = 900 K, c0 = 0.06, (d/L)2K0 = 0.5 eV/at.
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the absence of stresses (Fig. 1). Thus, the interaction
of carbon with lattice dilatations increases the starting
temperature of autocatalysis contributing to the pearl-
ite generation.

With decreasing σn at the same temperature, the
formation of cementite does not occur, and the
branching ferrite structure grows (Fig. 5). Although
branching of ferrite is not observed experimentally, the
observed tendency can be related to pearlite and bain-
ite transformations. Nowadays, according to the opin-
ion prevailing in the literature, pearlite plates repro-
duce by side replication [1, 2, 37], which corresponds
to the autocatalytic scenario in our model. However,
in the Hillert experiments, branching multiplication
was observed [24]. In addition, the advance growth of
plates of one of the species was observed [38], and in
[16] the advancing growth of the cementite plate was
obtained numerically when stresses were taken into
account. Moreover, when discussing the morphology
of the ferrite constituent of bainite, Bhadeshia reports
that the ferrite plates are not isolated, but are con-
nected by bridges in the third dimension [39]. The
mechanism of reproduction of ferrite plates of bainite
remains unclear. It is believed that carbon diffusion
can play a role in their nucleation, but in the same time
the appearance of cementite is a secondary process.

From a mathematical point of view, the branching
of ferrite (Fig. 5) is explained by the decrease in the

effective surface energy of ferrite during the segrega-
tion of carbon near the interphase. A similar effect was
predicted and experimentally confirmed [40–42] for
the case when the grain structure is ground by the
impurity segregation at the grain boundaries. In [43],
the Weissmuller effect was generalized to interphases,
leading to the appearance of equilibrium disperse
structures. In Figure 5, lattice dilatations provide an
energy advantage for retaining carbon near ferrite.
Thus, the observed picture is qualitatively similar to
the Weissmuller effect and the predictions of the
model reported in [43].

When σn = 0, the decomposition develops accord-
ing to the classical scenario of ferrite precipitation
growth [27], and the corresponding calculations are
not given here.

To determine the role of tangential stresses στ, the
colony growth was simulated when starting from a
homogeneous state with a chain of equidistantly
arranged ferrite and cementite precipitates at the grain
boundary (the position of which coincides with the
boundary of the calculated region) at σn = 0. The auto-
catalytic appearance of such a chain of precipitates on
the grain boundary is possible when acceleration of the
carbon diffusion on the grain boundary takes place in
comparison with the volume of austenite [15].

It is clear from Fig. 6 that at T = 900 K even small
στ maintain a stable growth of the colony, so that the

Fig. 6. Kinetics of growth of the pearlite colony when tangential stresses are taken into account; T = 900 K, c0 = 0.06, (d/L)2 =
–0.25 eV/at.

Fig. 7. Kinetics of growth of the pearlite colony when tangential stresses are taken into account; T = 750 K, c0 = 0.06, (d/L)2K0 =
–1.9 eV/at.
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lamellae are oriented along the normal to the front. At
the same time, a simplified statement of the problem
with a separate description of the normal and tangen-
tial stresses does not allow us to consider the genera-
tion of new lamellae in this case. Figure 7 shows the
growth of the colony in the presence of στ at a lower
temperature (T < Tp), when autocatalytic nucleation
of new plates occurs according to the mechanism
reported in [18]. In this case, when passing to the
steady growth mode, an optimal interplanar distance
is revealed; in the transitional stage, oscillation of the
width of the plates can take place.

CONCLUSIONS
The interaction of carbon in austenite with lattice

dilatations created by the growing pearlite colony sta-
bilizes the colony growth leading to regular decompo-
sition morphologies. In this case, the normal stresses
at the ends of the colony increase the temperature of
the beginning of the pearlite transformation, and the
tangential stresses ensure the stability of the front of
the colony. Thus, the acceleration of diffusion at the
front of the colony is not a prerequisite for pearlite
transformation. The observed mechanism of ferrite
branching due to the tendency of carbon segregation
near the austenite/ferrite interphase can be related
both to pearlite and bainite transformation.
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APPENDIX
MODEL PARAMETRIZATION

The phase energies were calculated using experi-
mental data for the carbon dissolution energies [30],
which, in contrast to those given in [18, 27], take into
account the temperature dependence:  =

 – λατ,  =  – λγτ, τ = T/Tc,

= 1.1,  = 1.1,  = –0.22,  = +0.38, λα =
0.46, λγ = 0.14 eV/at, Tc = 1043 K. These parameters
agree with the previous ones near T ~ 1000 K, which is
in the range of pearlite temperatures.

The carbon mixing energies were assumed to be
independent of the magnetic state, να = 6, νγ = 1 eV/at
[44]. The deviation of the free energy of cementite
from the free energy of α-Fe was determined by the
formula Δfαθ = b0 + b1τ + b2τ2, where b0 = 0.09, b1 =
‒0.13, and b2 = 0.04 eV/at [30, 32]. The T1 line of the

ε� ( )
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ε ( )
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fcc
FM PM ε ( )

fcc
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εbcc
FM εbcc

PM ε fcc
FM ε fcc

PM

phase diagram, which describes the condition of loss
of stability γ → θ at a constant carbon concentration is
shifted to the left (compare [18]) for a qualitative
account of the influence of stresses on the nucleation
of cementite near ferrite. Herewith, the fact was taken
into account that at c ≈ 0.10 austenite is not observed
experimentally [45]. The carbon diffusion coefficients
in the phases were chosen Dα/Dγ = Dγ/Dθ = 10 in qual-
itative agreement with the data [46, 47]. The parame-
ter kc, which determines the width of the interface, was

determined from the condition of /(kTL2) ≈ 7 × 10–

4 [48], from which it is possible to estimate the sample
size L ≈ 1 μm.

We also estimate the maximum possible value of
coefficient K0, which determines the magnitude of
stresses. The elastic energy from Eqs. (2) and (3) is
roughly estimated as fel.in ~ ( /4)K0κ2c0(ccol –
c0)(d/L)2, where ccol is the carbon concentration in the
colony (in ferrite or cementite). On the other hand,
the energy associated with the lattice dilatations in the
notations of [27] is fν = Aν /2, where Aν = 20 eV/at,
and we take eν = κ(ccol – c0) for dilatation. This
implies:

(7)

The values of K0 used in the calculations assume par-
tial relaxation of stresses and are, therefore, chosen to
be substantially lower than this estimation.
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