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Abstract—The effect of finite grain size on the formation of grain boundary segregations, and on the mor-
phology of precipitates during decomposition, is studied. It is shown that in dilute solid solutions there are
critical grain sizes at which decomposition is suppressed, both at the grain boundaries and in the bulk. A gen-
eralized phase-equilibrium diagram is constructed that considers the size factor, and a classification of the
morphologies of precipitates during grain-boundary decomposition is suggested.

Keywords: nanocrystalline alloys, grain size, grain-boundary decomposition, spinodal decomposition, segre-
gation, pseudospinodal line
DOI: 10.1134/S0036024418070233

INTRODUCTION
Grain size affects the durability, plasticity, fragility,

and impact strength of steels and alloys [1, 2]. As a
rule, the properties of a material are greatly enhanced
upon the transition to the nanostructured state [3],
which can be induced by, e.g., intense plastic deforma-
tion [4]. The production of steels with a nanograin
structure is now a promising field [5]; combining plas-
tic deformation with brief annealing, we can obtain
steel with grain sizes of 20–200 nm [6–8].

Multicomponent systems offer broad opportunities
for designing new materials [9–11]. The chemical
potential of impurity atoms differs at a grain boundary
(GB) and in the bulk, so the traditional phase dia-
grams for the nanocrystalline state are applicable only
locally [12]. Segregations at the grain boundaries
affect the initial conditions and morphologies of pre-
cipitates during grain-boundary decomposition,
which finds important practical applications in, e.g.,
dispersion hardening and the stabilizing of grain
structure [13, 14] (the precipitation of fine particles of
Nb, V, and Ti carbides and nitrides at GBs during the
production of steels [15, 16]). Despite the seeming
simplicity of the topic, the role of the size factor in the
development of grain-boundary decomposition and
segregation remains poorly studied, and the relevant
data have not been dealt with systematically in the lit-
erature.

The size effects in the development of GB segrega-
tions in an ideal solid solution were considered in [17],
and formulas for the critical grain sizes at which the
nature of segregations and the bulk properties of a
material change qualitatively were obtained. In this

work, we apply these concepts to nonideal solid solu-
tions and alloys subjected to decomposition. A classi-
fication of the decomposition morphologies of nano-
crystalline alloys is proposed that depends on the grain
size and the position of the alloy parameters on a gen-
eralized phase-equilibrium diagram.

RESULTS AND DISCUSSION
Suppression of Grain-Boundary Decomposition

in the Nanocrystalline State
The free-energy density of a binary alloy in the

approximation of a regular solution has the form [18]

(1)

where с is the concentration of component, ε and ν are
the energies of dissolution and mixing of impurity;

;  is the number of neighbors in the nth
coordination sphere; and  is the effective interaction
between the impurity atoms in the nth coordination
sphere. 

Let us examine a grain in the form of a sphere with
radius L and boundary layer width d, and the forma-
tion of precipitates of a new phase can occur at the
grain boundary (Fig. 1). When equilibrium is reached,
the concentrations of the impurity in a GB and in the
volume of each phase are related by the condition of
the equality of chemical potentials; i.e., ,
where , from which the Fowler equation fol-
lows [19]. In addition, the size dependence of the con-
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Fig. 1. Grain in the form of a sphere with radius L and hav-
ing a boundary layer with width d; concentrations cb, cGB,
and cp are achieved in the grain volume, at its boundary,
and in the precipitates of the new phase, respectively, upon
reaching equilibrium.
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centration distribution obeys the law of the conserva-
tion of matter. Therefore,
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where , , and  are the energy of dissolution of
impurity at a GB, in the grain volume, and in the pre-
cipitates, respectively; , , and  are the corre-
sponding concentrations of the impurity;  is the
average concentration of the impurity over the sam-
ple;  is the relative grain size;  is the frac-
tion of the surface layer occupied by the new phase;

 =  = , where Sp and
SGB are the surface area of a grain occupied by the
precipitates of the new phase and the remaining sur-
face area;  is the volume occupied by the new
phase. For simplicity, it is assumed that the energy of
mixing is the same everywhere; i.e.,

. Equations (2)–(4) contain four
unknowns ( , , , and ). In describing decom-
position in two-phase systems, the condition of a
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common tangent to the free-energy minima is applied
as an additional equation [18]:

(5)

where  and  are the free energies in the
precipitate and on the rest of the GB surface, which
are calculated using Eq. (1) at  =  and  = ,
respectively.

Grain-boundary decomposition in doped steels
usually involves carbides, e.g., NbC and VC. Here-
with, Nb(V) atoms show no pronounced tendency
toward attraction in pure Fe, and precipitates form due
to the gain in energy upon the formation of carbide.
Assuming that carbon is present in sufficient amounts,
we can still speak of the effective attraction of impurity
atoms (  ~ −1 eV/at). Typical energies of segregation
are  ~ 0.2 eV/at. We also assume for simplicity that
the energy of dissolution does not vary along the
boundary; i.e.,  = 0. It is in this case easy to verify
by substituting Eq. (1) into Eq. (5) that the solution
does not depend on the  value. Typical concentra-
tions of doping additives are around с0 ~ 0.001, and the
width of the boundary can be estimated as d ~ 1 nm.
These figures allow us to parametrize the set of
Eqs. (1)–(5) roughly, and to discuss the qualitative
features of the solution.

The numerical solution in Fig. 2 shows that the
fraction of the new phase at an  grain boundary
shrinks linearly along with grain size L. In addition,
there is a critical grain size at which the  value
vanishes because the impurity content in the alloy is
insufficient for reaching the decomposition threshold
at the boundary. Grain-boundary decomposition can
thus be completely suppressed in the nanocrystalline
state.

Complete Removal of an Impurity from the Grain Volume 
in Dilute Solid Solution

Let us examine the size effects when grain-bound-
ary segregations form in the absence of new phase pre-
cipitates (this is possible in solid solutions that are
close to ideal and in such mixed systems as Fe–Ni,

Fe–Mo, and Fe–Mn alloys, where  ≥ 0). The set
of Eqs. (2)–(5) is in this case reduced to Eqs. (2) and
(4), and  = 0. It was shown in [17, 20] that the grain
volume is ideally cleansed of the impurity upon reach-
ing the critical grain size even in an ideal solid solu-
tion, and the concentration at the grain boundary
becomes dependent on the size. These effects are most
pronounced at impurity concentrations of at least one
percent, ambient (room) temperatures, and long times
of exposure. In industry, steels are used that are up to
10% Ni, Cr, Mn, Mo, or Co, with V, Ti, Si, and other
elements in smaller amounts. Herewith, typical ener-
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1340 RAZUMOV

Fig. 2. Fraction of the grain boundary phase on a grain’s
surface, depending on the grain size upon reaching equi-
librium under the conditions  = 0.2 eV/at and  =
‒1 eV/at; T = (1, 1') 1100 (2, 2 ') 1160 K; c0 = (1, 2) 0.0012
and (1', 2 ') 0.001.
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gies of mixing are  eV/at [21, 22] and energies
of segregation are around  ~ 0.3 eV/at; Fe–Ni alloy
is close to an ideal solid solution (  ≈ 0) [23]. The for-
mation of segregations in each system require special
consideration (the dependence of energy parameters
on concentrations; ordering tendencies; the precipita-
tion of intermediate phases; and so on). Here we con-
fine ourselves to a simple qualitative model that repro-
duces the general characteristic traits of phenomena
without claiming accuracy of parametrization.

As seen from Fig. 3a, if the grain size falls to a crit-
ical value, its volume is ideally cleansed of the impu-
rity. The critical size increases as average concentra-
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Fig. 3. Dependences of the equilibrium concentration of an imp
size under the conditions  = 0.3 eV/at; T = 350 K;  (1, 1'
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tion с0 falls and shrinks as value  rises. A comparison
of Figs. 3b and 3a shows that exhaustion of the impu-
rity in the bulk reduces grain-boundary concentration
cGB upon reaching a small grain size.

Size Effects in Spinodal Decomposition

Let us examine a thermodynamically unstable alloy
(  < 0) in which spinodal decomposition (SD) starts
upon cooling below the critical temperature. An
example of such a system is Fe–Cu alloy. For simplic-
ity, the classical models of decomposition [18, 24, 25]
do not consider the dynamics of thermal f luctuations.
The alloy in this case remains homogeneous in the
region of the phase-equilibrium diagram between the
binodal and spinodal lines, and decomposition begins
instantaneously over the volume of the material by a
mechanism of the escalation of infinitesimal long-
wave f luctuations when cooled below spinodal tem-
perature Ts. If the f luctuations in the volume grow
slowly, discontinuous decomposition begins first at
the grain boundary, producing a regular morphology
of precipitates in a wide near-boundary layer [26].
Typical SD patterns are shown in Fig. 4, which we
obtained in [12, 26] with a tendency toward the segre-
gation of one component at GBs (Fig. 4a), and with an
increase in the diffusion coefficient at GBs relative to
the bulk (Figs. 4b, 4c). 

Unlike mean-field models, a Monte Carlo (MC)
simulation automatically considers thermal f luctua-
tions in a composition and makes the kinetics of
decomposition more complex. The classical spinodal
in the phase-equilibrium diagram of the alloy disap-
pears [27], and the c(Tps) pseudospinodal curve sepa-
rating the regions of homogeneous and heterogeneous
nucleation emerges in place of it [28]. At slight under-
cooling below Tps, the decomposition develops homo-
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urity (a) in a grain’s volume and (b) at its boundary on the grain
) 0.3 and (2, 2 ') 0 eV/at; c0 = (1, 2) 0.01; (1', 2 ') 0.007. 
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Fig. 5. Typical patterns of the decomposition of Fe–Cu alloy with the BCC lattice in cube with sizes of (a) 40 × 40 × 40 and
(b) 90 × 90 × 90 elementary cells when the degree of decomposition S = 0.20. The grain boundary is represented by the plane
passing through the cube’s center: c0 = 0.012 and T = 700 K; only Cu atoms are shown. 

(а) (b)

Fig. 4. Typical spinodal decomposition patterns (a) with a trend toward the segregation of one component at grain boundaries
(coinciding with the boundaries of the square) and (b, c) upon the acceleration of diffusion at grain boundaries compared to the
volume [12, 26] at c0 = (a, b) 0.3 and (c) 0.5. 

(а) (b) (c)
geneously after an incubation period. In small grains,
the impurity atoms have time to segregate at the
boundaries, so their concentration in the grain volume
falls below the c(Tps) line. In this case, there is no
decomposition in the bulk, and the precipitates of a
new phase are located along the GBs. This effect was
apparently observed recently in a Monte Carlo simu-
lation of decomposition in Fe–Cu alloy [29].

The results from MC simulations of decomposition
at different grain sizes are shown in Fig. 5. The simu-
lation was performed for a sample in the form of a cube
with periodic boundary conditions using the kinetic
Monte Carlo method [30] with an effective Cu–Cu
interaction potential of {−7.4, −2.3, −0.3}, as in [28].
This potential does not consider magnetic effects and
has no concentration dependence, but it was sufficient
for the aims of this work. It was assumed that a plane
passes through the center of the sample, near which
(in a layer with a width of 2 lattice parameters) the
energy of copper segregation is  = 0.05 eV/at, inδεs
RUSSIAN JOURNAL OF PHYSICAL CHEMISTRY A  Vo
accordance with [29]. The plane thus imitates the
grain boundary, while the grain size corresponds to the
cube edge. As can be seen from Fig. 4, the decompo-
sition in a small grain finishes with the formation of
precipitates at the GB, while decomposition in grains
with larger sizes develops both in the volume and at
the grain boundary.

The evolution of the degree of decomposition in
the volume for different grain sizes is shown in Fig. 6.
A boundary region with a width of 10 lattice parame-
ters was excluded from consideration in constructing
these graphs, and the degree of decomposition was
calculated using the formula

(6)

where N is the number of Cu atoms in the sample, 
denotes the numbers of occupation for the nearest
neighbors around the jth lattice site, Z = 8 is the coor-
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Fig. 6. Evolution of the degree of decomposition in the
bulk as a function of the number of jumps per one impurity
atom (1) in an infinite medium and at grain sizes L/d of
(2) 45, (3) 40, (4) 35, and (5) 30; c0 = 0.012 and T = 700 K.
The near-boundary area is excluded from consideration.
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dination number for the nearest neighbors in the BCC
lattice, and θ(x) is the Heaviside function. According
to Eq. (6), if the local concentration of Cu near the
precipitate is not lower than q, a Cu atom is considered
to belong to the precipitate. It was assumed in the cal-
culations that q = 0.8.

As can be seen from the comparison of curve 1
(Fig. 6) constructed without the grain boundary with
curves 2–5, the effect of the GB on the decomposition
in the grain volume remains substantial for samples
with sizes of L/d ~ 50. This effect is expressed through
a slowing of decomposition at the initial stages due to
an increase in the period of incubation within the
grain volume, and in the accelerated transition to the
evaporation–condensation stage, at which precipi-
tates in the grain volume dissolve (and degree S(n) of
decomposition in the volume falls) as a result of the
growth of precipitates at the GB.

The condition for decomposition in the grain vol-
ume in the first approximation takes the form

(7)

where  is the incubation period. Equation (7)
shows that decomposition in the bulk is suppressed
when the impurity atom can travel a distance of
around the grain’s radius and segregate at the GB in
the time corresponding to the incubation period. To
adjust Eq. (7), we may take into account that the con-
centration of the impurity in the grain volume deviates
from the equilibrium concentration as a result of the
development of segregations, due to which the period
of incubation grows over time. In any case, MC simu-
lation remains the only way of determining the 
dependence.

Classifying Precipitate Morphologies with Allowance 
for Grain-Boundary Decomposition: 

Generalized Diagram of Alloy Phase States

The phase-equilibrium diagram of a regular solid
solution model [18] contains two characteristic lines:
binodal се(Т) and spinodal сsp(Т). The binodal line
corresponds to the equilibrium impurity concentra-
tion, and the spinodal line determines the condition
for the loss of stability with respect to infinitesimal
fluctuations in the composition. The classical
spinodal line does not consider the finite amplitude of
thermal f luctuations, so it is absent in MC simulations
[27]. The  pseudospinodal line, near which the
incubation period of the homogeneous nucleation
tends to infinity, can be introduced instead [28].

The presence of grain boundaries complicates this
picture considerably. Effects associated with grain
boundaries are not considered in the classical phase
diagram, which remains valid in the local sense. In
[12], it was proposed a generalized phase-equilibrium
diagram in (T, c0) coordinates, where с0 is the mean

> τ 0( ),L D c

τ 0( )c

τ( )c

( )ps
c T
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composition of the alloy. This kind of diagram charac-
terizes the phase state of the alloy as a whole, allowing
us to consider the finite size effects.

Since decomposition is facilitated at a GB and sup-
pressed in the grain volume, the lines  and 
of the classical diagram in the (T, c0) coordinates are
split for the boundary and the volume. Five regions of
substantially different types of alloy behavior thus
appear.

Using the expression for the free energy density
Eq. (1), and in light of the condition of the equality of
phase chemical potentials and the common tangent
rule, we can obtain the familiar equation for the equi-
librium solubility limit in a spatially homogeneous
medium:

(8)

Let us calculate the  value from Eq. (8) and sub-
stitute it into Eqs. (2) and (4) in place of parameter .
We then solve the resulting set with respect to param-
eters cb and c0 at  = 0 and take the obtained  value

as the  value. The corresponding line of the gen-
eralized phase-equilibrium diagram determines the
mean composition of the alloy at which grain-bound-
ary decomposition becomes viable.

Let us substitute the  value obtained from
Eq. (8) into Eqs. (2) and (4) in place of the  value.
We then solve the resulting set of equations with
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Fig. 7. Generalized diagrams of states of the alloy at (a) L/d = 200 and (b) L/d = 25; the  phase-equilibrium lines were

constructed using Eqs. (1)–(5) and (8) and the  pseudospinodal lines in qualitative agreement with them. The central
column shows the morphologies of grain-boundary segregations and decomposition in the phase-field simulation for different
regions of the diagram. 
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respect to the cGB and c0 values at  = 0 and take the

obtained c0 value as the  value. The new line of
the generalized phase diagram determines the mean
composition of the alloy at which the possibility of
decomposition in the volume of grains exists even after
the formation of GB segregations. Since the line is
constructed at  = 0, we assume here that the grain-
boundary decomposition with the generation of a new
phase is either suppressed despite the emergence of
segregations or did not have enough time to develop.
Such a scenario is possible in particular because the
formation of a new phase in real systems often requires
reconstruction of the lattice, and grain-boundary
decomposition can thus have its own incubation
period after the formation of a segregation layer. Thus,
the  line in nature is generally metastable; if
grain-boundary decomposition starts simultaneously
with the development of segregations, it loses its
meaning.

At the moment, there are no theoretical models
that allow us to adequately calculate the  pseu-
dospinodal line. It was shown in [28] that the 
value in an MC simulation differs considerably from
the classical spinodal line. In this work, we limit our-
selves to a schematic picture of the  curve.
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A generalized diagram of the phase states for large
and small grains is shown in Fig. 7. The , ,
and  lines were calculated using Eqs. (1)–(5)
and Eq. (8), and the  and  lines were
drawn conditionally, i.e., in qualitative conformity
with the former lines.

In the region I of the phase equilibrium diagram
the grain-boundary segregations are formed without
precipitation of phases. In region II precipitation of
the grain-boundary phase becomes possible, e.g., in
the region of triple joints of grains. In region III, dis-
continuous decomposition similar to the spinodal
decomposition occurs at GBs. Heterogeneous nucle-
ation in the volume of grains becomes possible in
region IV (e.g., at dislocations). Finally, spinodal
decomposition both in the volume and at the grain
boundaries proceeds in region V. The characteristic
precipitate morphologies (the central column in
Fig. 7) are obtained via phase-field simulations, here-
with the configuration of grains with two triple joints
is considered. The main features of the alloy’s behav-
ior are completely reproduced in the phase-field sim-
ulation, but the role of the pseudospinodal line is
played by a classic spinodal line.

As can be seen from a comparison of Figs. 7a and
7b, the  and  lines in large grains differ little
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GBc T ( )e
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inf ( )e
c T
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GBc T ( )ps

bc T

( )e

bc T ( )ps
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1344 RAZUMOV
from their analog ,  in an infinite
medium. In contrast, decomposition in the grain vol-
ume is greatly suppressed for small grains, which cor-
responds to the strong shift of these lines downward
and to the right in the diagram.

CONCLUSIONS
A set of algebraic equations was proposed for

describing segregations and grain-boundary decom-
position taking into account finite grain size. It was
shown that in dilute solid solutions both grain-bound-
ary decomposition and decomposition in a grain vol-
ume are substantially suppressed in the nanocrystal-
line state. A generalized phase-equilibrium diagram
was constructed, and a classification for the morphol-
ogy of precipitates that considers the impurity segre-
gations at grain boundaries and grain-boundary
decomposition was proposed.
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